2/1/18, Thw~

Math 7802

, >
@ Advanced Topics in Stat. (PFUP. Sln"u.rsichfu Chotterjee )

Texchook. : Applied  Mubtivariate Analysts
Aplied Vinear Gtatistionl model by fcutnes etc.

Toples
ngsym 1 and assocloted inference

logiste vegresston, [EiRetglt prcipal czmporent snsyshs,

Clustermg and clogsificotion , ome dezslgn £ experiment
HW 2 Brweskly Hw will be posied m Blackbosrd
Golution of some, of them Wil be posted .

Bams: 15 midterms (#0%) < Tentstively o -t st
Ohe, Frojecb ( 2.0% closs P March amd Apral

e
Fina| Bam (40 %) Pue by the last class . |
Makeup Bam ( Gt PO[?c.q )

Farmuld. Sheets ( 3 pages o~ MZOHW L{-Paﬂﬁs 'erﬁnal"
bnd caleulators are &llowed )




N fon JRW. u @ Asumption on envors

M«Higle [inear regression Errors have mesn O and Hhey are uncomelated .
Y) &> dopendont variable  ( response)

\.,

Remember that fhe. rancom parts in the mede] |s@emrs\
(El O‘Brd‘l(l

cov(gi, ;) =0 foral i+
Egi.l ij) = E(Q?)E(is)

K&

(e—-) K ideperdent, vuieble ( predictors)

Zx‘ W
Assume, Linear relation : Y=BtB2t~ +ﬁk3:+£
Goal @ Glutistical icerence. dbout ..., S

Prediction of pespmse. pased on predictor vautables.
We ohserve Fhe response aud predretors fov 1 obsesvations
This 75 colled the training docta.
V ched

Vi= Bt BB Eut A Bt 8, | L

YozBotfi 2 1o Zat -+ + PruZant &

v (€1) = cov (€1, 8;) = s (homoskedasticiy
ol dssumption )
In #is case, we con use Jeast square methed o estimate. 8

Minimize —
,,Jﬂ"..,zﬁ %(Yl ‘ﬂa"ﬂ.Zil“"-ﬂgZ;k)" — (%

Rogey-
E(yl‘) = ﬂo +ﬁ| Z“ +-“+ﬂsz A S 23
The. mintmizes ’F(il_fs C‘"ed "“\Q;LS estimactor aFﬁ

—

YH‘—=ﬂ,+ﬂ. Zm+faZpat -+ BeZprt En T /3\5 |
n @@‘\‘ p’*i’
= ?(\h \,*ﬂ) h“‘ fS“H\b| YDK/ 1;‘5 \)4;,\ \\{‘
i= ' b 1; ;
= (Y-28)(-24) = g'¢
3= (282

2-(1-24) (4-24)=0.

27 (Y-24)=0 =>2'y = 284



* @ Unbiased estimator for s>
The estimated envor 1—1
=Y-Pey= (I—Fz)){, g

S~ r\\‘— | y’??-l‘i
=& =L\§._'§/'i,(1/)(yh) (1-F)

I rank(2) = k#l, then o= (22) 2,
yg: predaetd valueafx s
= zg):\_@zbv = _) here

\) is f‘w- {Myecfw metric. on e column space of Z .

el =Y (P)X an et )
ool ot prctin s o Jdempotert, 1, E(S8)=E[V(ER)Y]  -eime)
3 e ﬁg _—_— ~Pe 2, AE) e
jaes, P{:; P Alse, I— P= ISM*:(G:MI Ay E[# \L(I- FB”’)J f’fmjﬂ;;;i““ifiﬂ
Mooy Po(IA)=0. p, 1om €% o[ "I If:J i of 22

Thus , column space of Pz and T—
| ?E(é.s) =E((z22"'2Y)
= (222" EQ)
| - @2 224 = =4 77%”:
ﬁaV(ﬁ)— m/( (z’z)"z’i) = (23 'alov(d) (2'2)"
= eov(Y) (s)
°°“M:‘ ; = ((z'Z)"E’(e‘“VI)zcz'z)"

— T-P ! e H#- ‘.U !
E[*ﬂf({ ny)] v&ﬂ”}wff%,

= & tr(If) = & 1k (I-Fe) = *(n-k-1)
fMI (I"F!)FE-"O;
yonk (Pe) + ronk (I-Pz)=nh

Al rank (Z) = rank (Pz) = dcolumns of = assuming et
= k1 Z has full 1= column rank_

$0, vumt (I-Pz) = n-(ke+t)




4o, an_Unbiased estimator of &> s Mot prece g

e _ Y-y _
n—¥-1 n—k-1 .

S(@) = (1-22) (=22 é@}})

B=(tubi- i) =S (ylpipm-impm)T

0>

Uinder the “ mean O uncovielated ! assumption o he ervors,

We fund unbtased estimator 4(F) ahd@ y .
o Ao | _ S5
‘u %

5

oBr

Last time, we looked at fhe lesst square estimate o3

A= (227'E'Y | [ Model {m;l

i 3
@ Decomposition o Sum of squares, ’Z'l %é: -t {\
4 et

Tl sun of spre = Zy- | o

b5 \Li ‘L (ol _@ iy

- By -
Total g5 about fhe meatt .

= ($-9)= 2% +zv-m
|l'
gt 2 @ 1“”
- L pong

n 4oms £ Matrix 7




” CY(T-R)Y = Y (I-P2)"L
" pestdn| 55"/ =y'(1-P2) (I-P2) ),

@-P)Y =Y -Pet= L (becwe P2y= Z/" ‘/)
N :g:’é -] %(\ﬁ_’y‘)"
i £
res 2 h
=2 7= S(h-A-At-——PrEr)
‘M_‘ T i

FE =n= 1» { Heen
K =‘P 'Liu,iu" Z—L iu”yn'
=Y (T-R)L= 1(I~P;)§L ' @ - L“ fe
\anoe»Pom g , P£ 7\’ ; ‘@ '
Total 55 aboct moom = Y/(I~ Y- A Af B e 1 vl
’E—’:——TK ‘ 5‘, (PZ —Pi) Fz. +F£ P~ P£ But hane Hey ave equal
= (i-Y) . ™~ Y (I Pz)l+‘/ (Pz Fz)xl b «Pafy F Pibe
@@,‘Z& fjw ol 35 Regressim 55 ‘ (PP = PZ+P& i 1) “ Nt Commarts”
) o s by, v
Lot | BT wz—w(h Y = E(5-)°

(P-P)Y=9-Y= (2‘1-?)
Vzi'P’»} Yn 7
3 1

% A 2’ |




Also observe (T—Pz)(Pz—P1) =0
Mso; (1-P1)P=0_ et )

%, the decompositim oF Y, (o) ( I- mz “and Py is
on orfhogam.l dcoom?osihm , L-hiA- L7 7% i Py Pk
Alse, (T-Py)y = (I—Pe) ¥+ (Pe- Pi)i Al

S:V —Pid=4-1 \\

This 15 also loggml decomposition . +€~"

Y

o% Measure ”F good ness ’me&m"’" by S e

! /7"\
2 _  Reg.sS polf (P=—P1)Y el
4 Tok 55 about Meant { Y(1-Pu)Y (5%

%(?"7) L fa %(‘h—‘/;)z

s = 1=
] ¥% n gy =
“‘Q’.—Y:)‘L ?_TT(YI ‘/) ;?.(Vi’-‘i)l
v N
S g P
- Total 55 about mean

o R* lies pe-tween 9 and L i 35 cloee *oOdil “thom.
fee——— r\egvesﬂm model 5
mf %»J ?"“ T gmd it
Prez!?dw has ’) IF R 15 close to - @, then
(no wlrmelion &1 | Ao, wode]| 75 +hat Hhe predrctors
cannof predice the response well.

R=1 only when £:20 Hralli R=4 R* 15 called

N - ~ ¢ Multiple correlation
This means Yi = Gy = B+ 3 ZuttBArZir.  coeffrewnt .
R=0, whew 5,2, 53,= -=73,=0,

f @ Geometric Point of view for the LS method.

The L5 problem *
rmm»uie “X zﬁﬂ (X‘Zﬁ)'(l"zﬁ) with resfcd:‘bé

\,\L\ mﬂﬂze/“li :
AP i
“ sz B (wnxlt/cc'!w‘}.

Go, the. Mminimizaction problems. is equivalent fo_arthogenal

postir 1, o C2).

fo, zb s Fhe closest to Y among- all points Fecz),
2 .
2 15 orthogonat 4o €2 AT o)

- cE

so Z'(4-2p)=0 > b =(2DEY

Wemee, Zh=Pay Y Eh= ZEE'ZY
4 Pe

1




® Best, Linear Umbiased Estimator (BLUE) Math B/800 2(6[18, Thur

Coluwn vecte

For any vector G, Suppose We wakt fo estimate c'g
M estimator wii be alled [Inear if o has Hhe fom @'Y for sme a

1= (I—P%)){,'I'Pgi mt«ow de.com posttion
BLUE ( corrtinued) y

Thin_ ( Gauss)
C'fis 15 Hhe best ameng. all liear- unbissed estimators, Og=Z(Z'2)"

Best in the sense " S maflest voriance® :F,g‘z'— 9 gedistres

E[¢4]=¢E[B]-28. Need to checks

50, ¢'B is unbtased {%Yg'é_// %l*%;r, i a‘*%‘cﬂ‘ _(9-:,6*)'2(2'2)"9 =0, Sme ("g,_—g:"‘_)f_z=9.'—g'=o
7 (20T - 11, e Gun(oe et B A

g —— 4o P we didn'e assome oy drshribution o the ervor €5

50y c'd i also |mear estimoctor.

If@‘ s unblased fw,#w- @ oy ]-ELoE+4E]
L F[wyl=cg e alg o — 428
5?7 ﬂ’z&): S'é -ﬁ'ra.lfé, S0, 4,'325’

L
Now, e need to sssume distribution of the erver:
1. Suppose. the ervors_are 11d Duble exponentis] dist.

Wi pbf eo=1€™ xeR 4\

we only assumed  [F(€1)=0 and @V(Ei, €)= f o W4l

V‘{Q‘ﬁ)'ﬂ gl o (co'2)3=0,V4
y s*=1 >
v (&'y) =8/ V(L) 4 R, Suppose. Eiyerey En OFe i1d R pdf ). B S
~ .0\"6\*' I "' = A 2= . 2
vw(gf,z)=w(a!.y,) e {(;‘m;)z(zz) ¢ =0 MM & M Y=2Z4+¢€
aa=(a4- ‘fa-a (%-%)'F%l“gzo : W Yug Yo, -0 Vw GF indlependent.
L5 (~ (XM‘M) (Q *t a*) ﬁ \m,;ﬂ E(Y}) =Ziﬁﬁ=ﬁo+ﬂ.zﬂ 4B, Fiv.

= (8- 08)/(a-0e) + Kilp+2 (8- 0%)' O > Sxin

ey
ok




PR o &1 = fi—Ziya B B 09 doste cpma ety
() = l_e-lv:—z:.*él
g0, Jowt pdf of Yi,--, Vu
) = TR S Ledln “@"W)ﬁ

Maimizing- L(£) is equivalent fo

_MM&- é‘ lY;’ﬂ."/ﬂZil =5 ""‘ﬂrerl W.r.‘té '

The estimocdtor(Fhat) mintnizes the last term 7 cafled
LAD ( Least absolute deviation) estimatrr of 2

Nete  Suppose e erors atenmndlyd?s-fﬂbwled.

591 2 ~Nh(0 6"1» FN‘:/:‘/E’J:/&:’)

x-MY
o L=
%0, (@1 -~ En axe_iid N (0,6
‘F&: Find MLE F 8,6
Distribution £ Y1 & N (Fwd o)

L (y-z.8)7*
pdf of Y1 —F(\h):{—%s e 26“(Y‘ Zwit) ;

" ot cantinuous |° " Jikelthoed furetim

Jort pdf oF Yi,- S
)= (L 2= T =1 (4,07)
(i )= (1]_—6')

{ (¢,5)- (og,m.s‘)-——k&(n)— 3 le3(*)
_——z (Yi- z(*r?)

n
=

B e 5\ i e

yninlmizen = O ‘,P ?
[::_—4;:} (e
701p=Bs= (222"} L@;

ﬁ is wnb?ma( 'ﬁ”é,
@ (222 ~ Neg (E 222, (222'(T)

~Nn(26,5T) z(z‘z)")
i - '-‘-Nhié,s‘(z'z)“)
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2

Recall, undey nmml?ﬂ assumgﬂm,éh’\/m (é. sl(Z'Z)")_
e 2\ 4~ N(BE, s B(Z2)'2.)
S

ind.
_— o vewtance fom €, (futwe ewer)
\/ £ N ( g.’g /7 61)

o

b0, Y-zif~ N(0, S(L+BEDE))

» Residua| Plot-
If we plot +he histogiam of e /2\,’(, +thon we expects

. Violations Indlcate Vielations of normality asumptim on

Yn—gvé A N(o, 1)'

WEE

hr— .

{rGra @) 7]
,,_,_————T—l;—’—*_“ 'tn-r-n %) L (“%)
50; ( __'_—E’_“__—— - i o

F ’ S1+24(227'2) < (3) ) = o,

50, o0 (1-%)% PL for Yo .

¥ 24+ |S(HZED'E) Tl
M -

(blot) (F2).-, (ni B0

z

i
dny ottorn T s plrt ndRcoctes

k. the Lim. model ossumptim Ts net true




Q-Q plot. for the normalized residusls

~

M_ £ agadinst Boea yr Le(ret)

To check. " normality sggump-tion 4

Expect no pittern M Assumption ave vight.

But -fheve s pattern , g oModolsde He ¥
That mdiaates R Rz G ¥
Vivlation of Hhe lneas hode lhon the, number o predictors s large, We need fo select
Namely covrespmding ' " suitable small " Subset of PNde’VYS.
Z variable heeds 4 be  transformed befre usieg-. w % 4o consider all Subsets
- = sl cheose. e one. Which moximizes (R> (rss))
3 This doesnle work, 05 R is an nereasing- function oF 1
InmPh‘b %V5 Z, (:ﬁ'-o'Ff?EdTC‘fOY'S)'
such & pattern n -
Vielates : ___—-—%W RY, Ri=1-(t-R) 'Ft_y—\r—ti_
It 7t M .
i ”f;“&"ﬁemm. = one method is +o use R* o select model .
; ; : , ;
G—8—pints | A Vpetter” measure is  Mallow's ‘?ﬁ "
C residual 55 using- ek Yeiges 1:9'
o peiins " (n-2p) (1= + charsetons.

residual s 1
Cp is mot- monotone .
Chovse 4he mode]  with minimum Cp_

restdual sum of squares - gubset mode|

Wih Ppmmm,mmdhg—m frterept | —(n-2p)

G= vesidual variance for Full model
( restdusl 55) P

oot o Fhe paivs (P, Cp), One For each subset oF predictors .
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EX swpse Y =G thEABETAETE
¢ Predictor gelection hb l

@ . (23)

@ .03 (e d
W ) e ol EORta Shein el
Recal|
It 4= ( BwY— (a+)x]
These fwo metheds work when = predictors is moderate, B itrearti
as we need to consider all possible gubsets . . _/'Mﬁiﬁl Jekelthendd12f2on o5t
Next, we will see step-wise. regression . [ ¥ I sz\ 1. el " 7
nx(rt) ﬂ%(ﬂ‘ﬂ) ’tﬂ)((k-i) i Hy, we need + mclude Ze) \2”. 17 b
x| redm

e use fhe WRT wmah boils dowm o
F= YRRy r—  we reject He o level x ' T /WW
Y!(z-Pe) Y L2 When M a0

We Will refe to the fodel: Y =B,4f 2 +-+ G B+
as " regressin function”

o fepwise _method

P —————e

| Glopt : Scan g ol the arisbes (one ot4ine)
/ tnd Uhich cotributes the et o the Regressien SS
: Y=(o4BZ1~ . Find which one h |
é @""6"&\ ‘X as’ ckozm::{:e N oay
s e B

Y=t th2r
e NZ‘L ;,:X 1




Luppose k15 Hhe ewe uhich maximizes Eg ot Which model has “max value'ot Y'(Pz—~P )Y
tep2 14 Suppose. | 15 the one Fhat maximizes: G
Sep2 e g- [ﬂﬂk]

Then g_[Be]  Hof=0 15 Hi:Br#o0.
Test Ho:fk =0 Vs Hiifk#0 e [ﬂﬂk] 3

1 Zik 1 =
z=[; ;] ZH o Do
1 Znk 4
g 3 Y

F: Y(Pz PE)Y 2"1 =
4=9

YaP)Y T

F_ V (Pz- P)Y 1— > Fi,n—l(u) — (*) e 1 A B 1 Bl
I PE)‘/ "= 1_1 = § ‘\ : lez || {
mew H' =P ﬁk*o 1 Zuk Zno 1 (

Zne

then  include K inthe model. |
W © holds, then " include " (Zy) i Hhe regressim function. Tnclude Z) @ F > Fuons %)
' B included, fhen cuwent imode| s

went _model i5 /= o +BcFetE.
V=Pt thEt 8,

Conent T
Steph When  a new varlable ts included | we need +o check.

§tep3  We gaan Hhrough +the. remaining Variables (one o+ time)
wnd Sind out uhich one Contriburtes 4o fhe Reg. 55 e ast.
Whether- one of e existing. ones fuil the T test o not
W “‘W Wwe Mclude ZIm’f" (Z(I,szyv }27"‘—!)

(keeph- e eiting. regresion ‘f‘:ﬂﬁ“) e
R et

Zpk  Zm

'! M&: H,. @“ =0 V§ Hl ﬂ"*o %\4 ZL
Y= B+ B s Zoe o e B 4=\ T Br=o et
YeprPemaL % e i g
$ @"u Hl:ﬂ]r{’o vs H'.'@IH*O

(=4t b2 (FrEv .




: o Tnformatin Criterion Method

; Fspexe Gteps 374‘__”
TF in one of dhe tests, he Ho is acepted, fhen he coresponding- The - sl e
variaple goes owt . p" = v famaus _irtform criteri
* Variables is the Akaike’s aciion on
e the end , we will hove & subset ity iy of §4,11} s i ikels Tnform Criferion (AIC)
Such that e addiimme] variaple can be included , size P, ]
(;.e., F -test i Mﬂ'ﬁﬂgﬁ) fnd 1o z;@g variable AIC = n log ( Restdua| ﬁnﬁr%m’: 5ub5e+.) +7—Pé
Brcept e > EXCindL —the covrespomding. labl(e . A

_m,l%“ei-( ve., Hhe comesprding. T test s signiftcart ). Fiﬁ"fﬁr i

we Sbt, gt drop. Y L ¥ Mm}"%‘

5 il @ il need’:f ﬂ”P‘Z:'”“Z"’ ALC o select varlables.
- MalH

= Yob
= %oludy\w .

o Multi ~co) inearity

He cowesprding
- 2T} vves;iu;is_s&—rs;b;tr;od;~-' N §o, Fur we hae assumed that Z has fall rants
AIC=nln | Hiu rwwm,wudhwwm>+z{> G Then E(Z was honsinguler
n . I‘F this condifin does net hold , fhen we say +hat Hhe deta

hos Mul47~€0 [mmeari+y.

overall, we wirt o select models om Hhose having-
IMSome cases, z%.;g ﬁr;ome Q,#’O

Yo smalier values oF ALC.

Tn this case , zlz i smgulor,
Tn muwy coses, Bz 15 "nealy hpulact, mearheg.
ft hos gome ‘vew small " elgenvalues




In the Fivst case, we chwse & [inearly hdependent Gubset

A columns of =

O MuHtivarlate "Multiple Regression.

211/18, Thay-

For each mdividual, we have a vector of response (1xm)

In e second case, (2/2)7! becomes humercally wh stabbe

The mede|

Then remove ome of the highly cowelsted columns of 2 E[g]l=2 , F[ee]=2
Sap mx| mxm

N

g

~

Sl
et Values o ( We organize them :
=
yl - zll +§l \{" g'l
-~ £ ’:} < ﬁ > Y: ".‘ g z: ‘\
M 1
y! = ZnB+En Yu % |
axm
G ==~ (om
ﬂ: : o' : ,' 8 -—
b gy Axm
bn--- Prm
(1) xm

MuHivariate multiple
Vegression model 3 Y"-‘Zﬂ‘f‘ L

L

i ! vol —> Lloo 1 ﬁal ---ﬂgm
i —— < I'=TY - Ym] = [1,Z.2]| & - oy
02 — SO g w — 7 : ~. €
m-resporises
* (mutTple vespamses) betriy Bri oo frm I xm
(r)xm.

We OW,@M and predictars fiom n individuals

i Zu “';.IV
1 2Zm- Zpr
nx(r+l)

I
i

'
n

Ein--Cm

*

i'n R Enm

e
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Ais nnd if ¥'Ax 20 frallx
X Ats symmetric, #en nnd & dllelgn values > o

Ais pd if xAX >0 wiess x=0
H A is symmetric, fhen pd < 4l eig values >0
posttive semidefmite = Fnnd} —§pd}

Recoll  muttivaviste multiple |inesr pegression

mdel Y= Z (B +g ™
%‘M ok h,x(Hl) (¥t1) xm = =

Resutt
]}ﬂpwﬁ £ are iid Nm(o 5), then He ME of B and
will pe %
ZRTE= Y 518 e
=Y-Y=Y-25 = y-z@2r'zY = (I-P)Y.

M_ Recsil Hhe I?ke(?hond -Ra.ncﬁm

L(62)=(g = (=[™ exp(~14(ZP)) , whare

D=(r-2p) (r-28)
Tor Fixed 3 (5o, D 15 also fixed ) we wil] maximize,
= 2 __1‘. 2 ¢, theu

£(=) = =™ exp (-3t (= D)) f”mmaﬂw‘“;ﬁ‘m

[gl""(IZI) "‘P[ 2*2 Di'ﬂ




R S L [ G D e

B the elgonvalues of = DI are Ai,.p A e R
__W ~lb gy _ m —_— (2«15) ‘Dl =
‘b"'(i Dz)“ﬁ)\i becouse, We have already seen
. = WA 5 (Y—Zﬂ)'(Y—Zﬁ)) thot 3= 73 mielmizes
N = | 4D = (= bl = Iz[l h(#)=| (x-20)'(+20)|

Z‘:"é 1—(/9,2'-) =C l%{ l—"/z. : (<,: 5 constomt

(™ e

"' 'd:.m

_ m #)
- o (Tx) e (2 80) JQSA—'

= o T 00 whare 500)= R

(>rr»< €igenva luu‘

We will %?W T )\ | Maximizes ¢, Shen

£(2) will be maxinized by kg Xi=XE Borall 12120 m

con M-&M’Im
n _1
ol (09) ("“mf?.lx-»; TRAE &
s0, d/\(loga—()\) =0 & A=h % X=n.

To d wﬁ&fi@»wwhﬁdz&w
slf etgenvalues of = Dzb' equul to N

Thug, we must have T g o —VII Sa==D

muttiply = 1

s > 2:—
=k bt -

properties of 7.
E[p]= E[ (E2'27]=

= (2'2)"2' E@ = (22228 =F.
Beadl Y= [m( o lY(uﬂ 3+ € .
(ﬂ_@’] , =2[ ol | Ao+ [gol - 2m]
@V (B, 2(-9) = et 1 (CD), 5= CDsj.
V(&2 Yo (22V'2'Yw) Be(2ore'y
(z2r'z oV (o, Y""J)zé}’z) ' . ?a‘c,)=(z'z)"z’r(:).

= oV (€0, £9) '
2=[‘u === g}m

H

Jk I nxn
S~ Smm

, S| o # of pesponses .
W = (2’2)42'(6n1,)z(é'z)-' ‘
o =i (ZE)] e 2

%, £=) < (D).
%, L(BZ) < L(@,np) =1 (8,+(Y-28) (x-28))

= * 4ol exy[—},er( #0)7p)]

1
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@ |ikefihood Ratio Test

(q4) #m
2 =0f
(r+)xm B (r-1)xm
PTests Hif=0 W Hig 0 e

Partition Z matrix_ accordingly : Z = [ 7 |Z,]

X ()

ELY]= 26 = [2]Z%] [%-& = 24+ Epe

nxm
4 UMW He: BL';O ke
gf[\’] = Buf 1 W= thecpredicion fpiz, e redundant)
LT i e
Recall Likelthood Rato Test .
A = “.‘ff‘l-(ﬂ,f) “ tre [Telthood patio*
= /
(A7) R g
fo, L(3T) is meximized o€ ME (2 2 2

e o & e 5 i
We= 5= (=Y ad {z=%-(r-zﬁ) (v-23)|
FlEeT = me L (63)

wd?) (5 5)= () [Z]

wnder Ho | fhe ode| becomes Y=2ZAtE.

Hey L(B,5) 5 maxinized ot
o
Tj 1 1 ~
2

jo,
@2 L S=t(r28) (v-28)

—
i




We will re_,ec(», H.’ iwhen AT small o

quw(“ﬁ/ J) 15 small
A=

5%
ul-—[n—r—i— (m-ra4]] In< l IT ,Xz sppredinsly

/IQ:. m(r-q)

@,L O_!_A_)_M . ONZ%V(Lvo(/Y“U"%))
Z‘ ‘_‘_______’

&l |12+E-32)

(3,-3) ond 2 are_ ddependent, (e prued oy

fine (Z\02/
Unveriate Case), We “need 4o Campare 2 and Z2-Z, in porficulor,

consider Hhe vatio metrix « (Z - Z)(i)

Jet Hhe positive eiawvdm & (2-2)(2) e 20230, 50

Kks' | bda. : 15 lil = [El E=2
Ml = Ilr“" l£+(2.—%)l®tﬁ+ﬂl ?H)z.'i‘

- pillsts trace L _,o,,((g -2 (&- z)+z) ) -()

= 1th

Jar( (2-2)(Z )@

: Hotaling Hoct S, = (2 s)(z)) ~(3)

* Roy's 5m+est wot | ——
e

Fact ( Linew Agebra)
For o midrices. E and H, (both jnvertible | symmetric , and joie size)
PEL m N - ik

[E+H] — [E[E#Hl  |T+#EHI
_ 3L i e elgonvalues of E'H we
=1 1+1; ’l[,'l:_,n»,ni,o g
o

Aoy s Hh =2 H= Z,-5 b obtem (1)
N b

for () — =

S ,Z. 11 Z 1+—1-

e (H (E4H)") = JrV{H[(EH L 1)H] )
= 4 (HH™ (EH+7)) = #( (T+ER")")

Tf e elgonvalues of HE we Ny, ..., Ns,
'Heelngamso{:/ﬂl Vl.""l’t.m

(Ha-l)-l
L
dre elgenvalves oF ( T+ EH) Gre 1*711'" b 1‘*71’,,
Hhon He elgonvalues of (]:+ EH")" are 1*% o 1'fli
LS

o ‘(JY‘( I'fEH)) 1+1. thts  sutisfies (2)

We will reject Ho 1 L, @ small, or La is large, or
L3 15 lovge, o Lg s large |




Fact ( Linesr Algebra)
Juppose. A and B are fwo matrices ( Some size and squored )

> Wvertible
A% nnd ad Bispd. (5% B fion $inguler) Zzt(a)#o.

Then Hhe eigenvalues of ApT are non-negatie

Fact T two matrices ¢ ond p, the now-zero eigonvalues of
cb od PC are sme -:q,mwl‘!?m

simg. ths, all non-zero eigenvalues of AB"' amd B-‘/);ZB-‘&M i

n.n.d

Pediction
Tor « fubwre observation whh (Wiknown) response vector y, and

gknown) redictor values Z L
e g = Zol
[T =/ o\
mxi M (r4) (s Zer (”(H‘
5 Confidonce region = Prediction pegion
1. Point estimetor of both Y, and E(Y)
7'z, = YE(E'2) g
i e . e it
2. Confidence regim for (%) s Swigle Vol
) net conFrdence e
(uMhl

3. Pprediction region f»«)c.

X. Yo~ Nn (8%, Z) Zo~Nm§ﬂz!(g,(22)z.z )

'\ Zoﬁcn)
feosl]_ ﬁ‘i[‘i,]

=] Bl - Iﬂm] 2 (&)
fof ‘cov (28w, A,a'ﬂ(u)z = 7o 6o (22) 2o = (Z(FH2.) S5k
Hetlhg. T*= (F'z.-A%) S (Fz-A2)
r (22)'2 {z (222
24)'(Y-23)

,thb S= %

E o1, onbdone =10, T2 e @]

Z &
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Reasll  cuppose # i pd matric (nxn) and symmetric .
T positive- dzﬁnuw,

max { ()™ : 2% €1} = b'Ktb
Dol () = e = (RS,
R
= (pAp(xse) <AL

Jw
(x'y) € ') (1)

(ﬁrm nel vectoy x and L,

The, 100 ( 1-0)% Simubtaneous confidimce wterls o E(V) = By are

~ m(n-r-1)
Zof(a '—t‘j(m) Fmwrem (04 Z2(2'2)"20 S e e
Uhere @(:) is the ith column o{:gmd & Su s the Tth disgonal element of S
F(*zk—hk( ("1") .
2 N-B'% = (6-3)'20t 2. ~ Nu(Q, (11 2(28'2)Z)
The. (oo (1-ok)% prediction ellipsold fo- Yo becomes
(o-85)' ™ (n-A'2) < (342125 'E) P Fuprm (]
The 100 (1-0)% simubtaneous prediction intervals o e indiidual respmses Yo;:
m (n-r-1)
z‘aﬂmi\[ B i) \} (1+2(22z) 5.. , al..

et (147 S’(:.;)

64%“‘9’ holds # Y=c% G some constet C.

Equalty hds @A x = cA%p —® B some eomstent C,
and, C should be such Hhet el
@ x=ch'h s, EhE= =c*b'A"B=1

A 4l
(ch';A(ch) $o, c=% W

The vebie ff 3 fhet wttelng Hhe max 3|+ Leticgo
AP B s







o Goners| regression functon " it dictibutin Y and 2
Guppose (Vi Bi,.Zr) have & Jomt distribution . M»m

1%
%V
M] ond coveriance F= | 5‘/7’ ! 5yz
(rt0x! ~E
{ i ﬁ Z'Zi .

23]

;GLI: predict Y based on 2, & m&«,}
We predict Y based an Zi,..., % via some Binction G(%,2r)
preditor 7

lﬂ?nh\?!&l

M = y—}(z':-—'lz") 1 a—:k 7K‘
tean_jrediction _squoved e = FT (Y-26-2)"]

Zv) 7

What Fuuction minimizes § (2. -,

ME( ‘“)zz h(a) , h(a) & mnimized &t 4= E(Y)

t(—\‘,] w\ﬂw
- SELY,
frr E[ (-0 2] =hen), M) whivied o Ely(z)= 512
fpz (M- R . 2] i milmized ot E(Y(2,-,2)
“3’“(2! - Zr)
E[ (=822 0] = €] E[ (v-#z2)) |2 2]} @
N
@
® E[(4-H22) | 2,2 ] 2 f_[(‘f-af(g‘,.‘.,zv))l!ghwz:'l

Takivg expecttion both sides,
E[ (Y-&(z.,.,.,zr))lj > E[(Y~&*(Z.-..,zr))j &/@

%, the minimizer T (Y| 211 Zr) 15 called Hhe vegression function

FF)’ N Ziyeoy Zr. "Jn?«-i-y norma] = [Wneos- regresstom

- (%' o N (}1,2) g hen E(le"""zy)=?‘

Zr
Then +he. comdifional d?ﬂﬁbjtﬁn ofy gven A,.., 2 is

<%N(M}"f’5l Zga.(z az),&ly “Sykzﬂ 571)
0, ELY[20-B]= My'f‘é'vz-zgz('fﬂ)‘_
—ﬂ,fﬂi’ where

(o= (MY~ T lls), B =0 &35
oresutt TIF e Jowt distribution is not noyma| , fhen
f(‘/[Za,»—;Zr) pneed nat 4 be [near~,
B Sapese (1,%) hes ot pdf | Fyz(4,2)=26 "

Twd E(YI2)=7 i
g (Y1) H2ME) z¢"™
il wr s — 2™y

" prarginsl * 2
ELY(Z]= 5,, vy (Yli‘)=j. yze Y*aly :é

%) E[YIZ] #s not linew in 2

=zo
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In genornl, (uhthout, normaltty) awong &l lineas” predictors of Macts B 6o 3[20]16, Tue
based on Zi, ., 2y, the one that minimizes the mean squated error * Bost, Linear Predictor l
- 1 o _|
r’ﬁﬁ ’ wheve y (My—fyzzé;ﬂz),é‘—‘zéz Syz el (Y, 21, ) has & Jomt d,;-{-r{w'{-(m' with
S : o 1%y~
et A linesy_predictor of y psed on Z,,__ 2, has the Form ean ) = [My}  coverlane 37 = Sy | 6yz
&
b'-H""Z _GY some. @m stants b‘ 7 k: b') T () x| /Yz i Zz& rxr
« 23 x| ! (r+% ()

I f(bob) = E[ (Y-b-b2f ] =T(4.8) Gul: Tl o i prodicor . bued on 2,,__, ., Wb s
B any be) k.. Smallest possible mean squared exvor.
: A (Weor predictor has theform po+p'z, Z= F‘}
Erl

Hs meon squared ot o )= FT (y-bhi-bE)]

ijf:_ Minimize 8-(&10,2) w.rit, b°rb.
Resutt:  g{bo, ) >/, ﬂ),mﬂ.”ﬂr ez Mz
B=%m Qyz

(&tb4c)*= A*+b™+C*2ab+2bot 240"

Pt (b, )= E[ Y-be~ bi‘)]
Y-, —tl ,)li
—E[((v—m) (2 Ha by b aa)]

= E[(v-u«) THEL(B @) ]+ (beMythhe)*
g Dk O 2E[(-M)p (2 ““-)] b'Swk
R[04 b 2] 2E] (k' (32)) (b te)]

50, §(beck) 2 §(My-b'Mz , B)
= 6wtk Tnb-20 6 -&




Bt 7

max com (Y, bitb'e) = o (Y, B.44E) =

be, &

P Loy, boapg)]* = (rlumtes)] | (Bem)'
Var(9) vor(bthz) W R Zab
Recall Using. auchy-fchwwfz G«equah+y.

(Yeyz)” = ( h'z bl 33 )
= (50 b) (6t S S)
40, (b'sy2)”
b'Zzb d - o
0 [comlymiz)]’ < S Zm vz ad ,,w, Q

hes « ot A1 =
Q,?lfr“:‘*;w"é) = (m'r (Y. 4+8 7-’)) /oz(z)

2BOCEED) = 04 22ab-26n

Set ak:ol we get k: Zz;lé:*lz " minimizer of b"
N o

A
90, §(beb ) F(My-b'Me, k)
Z&(M-e¥z, 2)= 3(0£)
B <My~ 6pSmlz A= T Spp,
@ ‘mellest mean squared evror_among. (inesr predictors :
FL(y-2-221=E[( y—cz«,-s;zz;;w—c,;z;zfj
=E[lv-4y+ €fs Zaelhe- 6772 %)"]
< EL((430)~ 7 on (2-42))"] T
=4(6.2)= sn+@'Zad gﬂ/e;/(""‘%?ﬂ
by plugin ® = =697+§:/EZ; ﬁz“zévzza Syz
= Gy — Gz T Sy

= ~zzzz5yz-

§ e

Now, 4uppose We have H s Jowrtly Nm (&,27), We observe

e « sampie of size n, v, .. [
:Q[i"fﬁg{::_g?i] 4 ’ (E')' '(;ﬁ).
: . i Based on hese somples, We find MLE of Best [inear predictor,
=6y [ Ly ] , Whre Fa) = i—d;‘f!?a\m 1 : . Imallest mean squared ey, 2,4y
vy >

Called thes ¢ populetion mattiple corvelation
coefficlent, befweeh Y ond Z 1




the Sam & eon and sample covrlance
y 5= sz  uhore 4 - L e

y’(eyew—h)i Juet _
-9

(\,‘ Y)(zxk -z,() K:I,...,r’ o g ) e

(5 )k,l = Z(Z,k ZF)(ZU, E;) » KL =l21.

Xz 3 (2 2 ))at

?ymaﬁu.z ae 3, ML

x
Recall (Tvariance property)
I 8 i the MLE of @, then for any Fumctim 7,
3(8) s o MLE of §(6).

Recull

& =My — GEZZEM;'-;/” Zza S[yE |
5075&. J-5:52Z #d 3=Sz3%p

FMLE B best Linear predictor
— R Ts & veriable

S L P e e e
= AtRE=TtomSm(2®) e
A ULE 4o smallese mean squared enr

=
Eyy— év'z =zz Syz 5

LEL( S-Sy Sz Sye

)‘9’

@ Muttiple response case

[Y, Ml have & Joint distibution with mM:(ﬁ’) and
o Mz

;I rxl Q I
(mepxl @Y ( Z‘) =L = (=™
v fygi S rer

rxm

A linea predictor of Y based on Z has 4he. orn

b, +b'2 Where b, 5 & anstant vector dnd

R = el i

mx| v WX b s mxr matrix.
We minimize Mmean Square and cmss products o ervors

—b.-b + e } 1

E[ (4-k-bZ)(1-b-bE)] = 28 Pl

-

Fhe best linear predictor of ¥, based on Z is

My - Zyz-Z;z.ryi + fygfgz é +/3 Z

P e ()

" fmallest (i the matri sence : A>B £ matrices A, B
, i A-B 15 nnd )"

%’w and products of enors
= Ty~ vz Tz Lyz = Z'w.z

"E[(V G- @2)( @%)J




" Partia| comelation wetficiunt” befween Yic, ¥y climincting-
the effect of Z 75 Hhe (I2) com. cveff. comespndingto Hhe avmrtunce
/uI/ elimineting. o Mtf‘g M“h‘b( ﬁw.z_ 1
tg. TP con(YeYe) T small, Yo Yo ahe depondemton 2
X Gorv(i, o) 15 large
et W) 4y efbect b 2
U com (e e) s lorse | flon Yy tre ot depondlict 2

w/ efiminating fre effect 'Pg
R aw (Yo, Y1) is large ‘9‘7 awe phasly stovgly eomelucted €sch othar .
W feeffect ot B

Sny-z ,
Zyz= y:’ Stz Stigm-2

{
i

6‘)&‘/-‘2 T 6%\/..3

f/% Partial con: coeff. hetween Yi,Y, eliminucting e effect of z

SYeYy 2

V Shz Sz

Madth Bgoo

3]22/18  Thwr

4((0 ,Tue " Exam 2"
”4“2'1—”““’.

Chapter W of the. other fext peok |
o Non~linesr Regression V?PW‘V predicter
Tn lineow regression madel , Y =fe +/ ¢ + & jemr
E[Y] = fotBx  (a linear fumction both in pornmeters and predicters)
Tn nonlineaw regression , he w(uﬁm between ELY] ond the parameters
o, (51, and the predictor x is o longer [inear.
* gonovslized [near poded "
An important. and useful subclass s WTM [ineaw mode| (§1M)_
Here, The relation between E[Y] and Fo, /5, and X 15 Vid
PR R N(ELY) =/ thx.
’l‘—’;”ﬁ° NWFM_. Pmbﬂ' Yespanse fumction
log.~(eg- mean response function

In mwy examples, the respamse. varloble txkes +wo possible w.tues

ExL While predicting mmﬁ%wm based o dliet
v ancl”|ifestyle measures

B2 While predicting: Mwl-her a_married twmw will_be

in the works force mdmﬁw!x backgiound. :edumﬁm
@ household fncare , etc .




EX3  while predicting. whether . home owner will buy _liabiltty. ‘ OB Y= Duration of preghancy ‘
ISUAINCe ‘ X = Index L alcoha| consumption | '
B4 while predicting whethor o company il have o legal division or Here, we can use linesw model z=gf+£x+ €5 whare ¢~N(0,6%)
e = -93“—————%. N

Fr is considered +o be @ premature dﬁ?ﬂ@yc$}3 weeks,
stheywise. full +erm delivery .

T il i yix38 (pretem)
17510 i ye >3 (tem)
T =P[y=1] = P[ y°<38] =p(AtAx+e'<38)
Pl e <se-p-pe] Pl Es B-E L]
. : lqO ﬂt
=Pl = 4-6=1 = & (A4f>)
o B () =A%
& (EV) = Aetb<
This 15 calied gmwr mean respanse function” (probit transfovmation
isx>d (ac))

5’“” Tx By,
if <o

Ex5 while deciding- whether o give loan/ credit cord .
Now, we assume Y takes two values: 0 and 1 .
suppose TL=P(Y=1), so P(y=0) =1-TC.
ElYl=™ , var(y) =(1-T)
TR we by to we linear model, Yi= 4,45, x: te;
Tosues : ﬂ"] ﬁ["] ( Tth observartion )
Lvar(2) = V(Y1) = T(1-T6) = E(ys) (1- E()
( varlance depends on_mean )
2. Possivle values of €;: 1— E() , 0~ E(v:)
= 1—ET ’ -El-.
(Normal_agproximation fr € 15 d),
*3 ;= E(i) = Bt « E(‘h)=1m+o(1—1z:)==u;u;,;r=|)
Since Tt 15 & probabllily, (B 4g: i |< 1
(71 5 dependnrt on ;)

ot govd

1 Net gl
J_;

o




omﬁ*&,i___w VVMMICG 5 e er ed—"?ci% e e yimia
L. Mways lie between 0 and 4. Lo (+€)) N e o R,
2. Monotone. function . 2 5 g P . Zm&mq.. v
3 Tor Fied Bo, T, increases, fhen curve becames mere T (1+ex)*
Sigmoid. . (sm2el) dv =uv-Judu (- ~ ® 2x d
4 T B, -l and i 15 chngd, Hhon e cure shifts. Q}c e [ _(_&1/ T ]
Hx A= | e
7. 1 Bf=1) =T ~[3 (Atpm) Hhen 7 | X T —
( ) §. 5‘ ﬁ ) —p,-o 5 = 4—5 1+e& dx 4_5 %(1+e4)dx

14— = P(y=0) = 1-1(&%@(@ )
1L

=& (-p-h)| | E@Hal2)-
" (read) of memning- ‘
* This medel s hard ergr,zgé value of B (povometer)
« Logistic Now, suppose Y© ="+ fix+ €, here

£° has !ﬁh/fk_d?sﬂbu‘i‘im with mean 0, Varience &= .

. 1 H ye<38
Y {o P ye>38

- p(y=1)= P(y°=38)=P(e°<38-A"#)
= ec—.—m—szgg-:’!’a .C_‘)z‘ lc
H)(E =SB H8-Eh :,ja x)
#e |

Joglstic d?gtﬁ on is a antinuous distribution with pdf
A C LR
@ .F(x) (1_’_31)3-! xek

\ Lode 1+e ;

- x ex
o= e = o0 yii]

x R

: ~

(+e™*  ex(1+e 1 (e+)
so, £ 15 symmefric = mean =0 . [ eq.-m.x
& +)¢6 ) —

- &\-‘(‘L




D et . Y
Y= T x = |og. |-~1)
[ ytery=e”
O Riaua kel
N e - p%
1 (1+ex)-€"
oy log- () =Hothix NCEY

The function Y —> loge (55 s called logt Punction

LT
-7

J

= 'P(Y""I) ‘_dd yailts .

P(Y=0)

Mt proee #1018, Tie_

426 — Tonll’ v i
(e T ﬂ@w&eﬂi’—
o Jogistic Regression [ GLM
We have o binary response Y and predictor 3.
Y fokes Hwo values : O or L.
'Y= E(y) terer”
Tor the Tt obsenetion , i = (Y1) = P(Vi=1).
Yi = response. , i = predictor

for LM, T\';:F((&.+ﬁ.x. ' where F is & fumction (u%ﬁy
F is the cd'FldeBbeﬂan)

Hherent, choices of T glie different GLM . D

(ﬁv . randm variatie Xy the cAf T (x) =n>(x<>c))

f{Jf FE) = 909, where @ is the cdf of N(0.1), Then
WWWMM

T = §(5.+ﬂ.x.)<=r§;(m) ,4.+p.x. vlixw

%Mwn x*—i——— 1—————‘ “increasiag" _p. Z
F) rer 1+e* g st | FEI=0

y d'F"
o |ogistic distibution s x> 8, FE)=1
- 2 = e /
logisti beggg ™
“ﬂﬁgp%k F’ e M - = 11:; s ot 51 XC;

fotBrXi ;Y

Rt ol KT&,.E_--\: AT




For logistic. regression /%~‘,=ﬁ,+ - e i s PUEY
-/ ﬂ ; 24,_‘1_ 1= P(YV‘O) '

G C“?“'“m Hhe change In odds for each umit change in .
Suppose. TC_and TC & coespond o the predictor value () MdCx+1

Then (og T = At pix

W pdd vatio !

F(y;:\) e i
P(Yi=0) -

e ) o= Aot B
\" s called odds =

I Feo= 1-g% iy

s x>, TF)=0

is he cdf of (
Gumvel dise.  * 077 Feo=1 g = At Gc41)
3 2= foth (]
(I*F Y= |-€€, Hhen > =log (~log(1-y)) ) wm;_l;ﬁﬁ-
o (5) =g (o (1), o T
o log-—log. regression Hunction =< 3:—1;
_ plettrxi
Hore Tr; = 4— € © = F(A+8x:) Fodd Retto (OB) = R[(-T) _ of
= log.(-log-(i—ui)) = BothiXi . ) / (1-7) ¥,
S If 4 s te ME of i, thn R = P

The pdf oF the “fhyee. distribution”.
Logistic ﬂmﬂm {5 the mest

populay smang fhe. throe GiM .

The veason 15 (&) mtlubugz

Friow 40 find ML of Bo, B Tn logistic. regressim .
Need to find -t Tkelihend Bunctim” * gt @t oy,
) (Bnt) = Joint distribution of Hhe. responses.
We have n-individuls with known response and predictov values
What isthe pmf of ¥, ?
PO=D=T erplyey)=Tc!(1-)"
P(Y.=0) =1- EXOEA




Then e Joint pmf of v, .,y
&(Yiy-a¥n) = Tfﬂ’()'t) B Tr'ﬂ:‘ (1-’E)

=l

loa{g’(‘/n ,‘fn)J Z[‘/. fog ot + (1= Yi) log( |- E)J
L(ﬂ,{)’,) Y'ﬂaﬂaur{)y[}}‘m
. Z[Yn [°&E—+(03-(1-7z,)]

7_Q = Z:} [Y. (ﬂ.—h@.x.—)— |°a,(‘+eﬂ-+ﬂrx9]

To obtin MLE 3. and 7 of
G- wd B, , we need +o maximize
n
-~ log L(for ) = 2.1 (Bsttixs)
| log(t- i) = —(o3(1+eﬁ'*5'x' _ fett
| gPT et “ aite, ")
Nt e/ "M doed fow oot

B (Effect of progromming- Experience n successFully completing.
projects ln‘blmo)
Y= {iFF it candidote completed pw]ecc in time
0 otherwie

-Ti= ———
’I,_,f 1+ el’o'fﬁnx'z'

X1 = amount of programming experience ( in months) i is index
e detaset 5 v 25 cndedetes (watlabie. bk TP
(r::....,z;)

Logistic regression wis used 2= 0,65 , 4 =-3.05
o ‘&M vegression_ode| :

log 2= T = -3.05+ 065k = tAx
In this ase., OR = e,g = ea'ﬂs-z 1175~
Tov two pexsons, Py, Pa, uhere Pa hes onemanth mare. expekionce
OddS2 _ (inr &5 oOddsz-oddsi

oddst. T obint 0.5 = (.57
bo B each_addition] month of M
Incresse by )15 Tt R(3i71) por plgrec)
T have, -two Future. candidates having- 10 norths andl (5~ months of
o experiences .
Relative. difference. of odds
T T Odds 15
1 , 0dds 10
ep.co'); e 2 QA-
OddsL—0dds L _
Odds 1. ! 74’
¢
V/'H; i 1%
7 (}“'g & 7/0 “?







‘J-Oiﬂb P""F °{:yh 'rYS‘

&(Yiromr¥s) = T['( s )T. (1 —TC:)M-YI
lwWHTK '

log 8.(%, :‘/r) Z[[og.( )+y,|oa'lt|+(lm ‘/)loa.i-mﬂ

+2oleg (W) = Vslog (I-T0;

[(93 Y. +y.13 Havloa—(l m)}

bo,the lﬂg-lw?h“ Junction " madze this funetion

£(fe8) = og L (G18) ‘ @
=c+ i{y, (BotBixi)- m1e3(1+e‘“"'”')]

Next; We. maximize the above function with respect +o

Zﬂﬁ:mmﬂcd methed .
“The maxinizer~ will be the MLE. nd 7.,

'Mi& s
loa— ﬂ ‘l"ﬂy xi

= Md T T ore the comesponding
50, [‘F x X +1 -E“ Pmb&bﬂrﬂe&

m/(’ -15)
o | +l p‘fﬂ'
% +ﬂ (> A ‘ﬂ?/(;.m)

%, OR= eﬁ'),OK= eﬂ' ! ={(°8- OR (

| EX Guppse 3 =0.01  What is the % jncresse in ddds i %2

is offered jnstead of $4
e A
wmﬁo OR=e% =" =1.083, odds g

estimate _\ = odds 4
{13 =1.083-1
0:':"1 =1.083 G, MJ";‘:““” =0.083 ¢
Oads4-
%, the odds will jncrease by 837,  for any xi.
T depends o X: (odds dloes mot deperd o x; )
Clwnte

o Multiple logistic ion

m,whmwwd one r;sponse.
XI,—ﬁ)xl’“ 3
Again , Y fakes fwo values : 0 or 1

Xi's are pe efther categorical or cantinuous w.riables




EX_ (Disease occurvence)
y= i 1 i individual nfected

0 }F mt X“I %‘2
P Fow_prediciors s Two continuos (Age, Cholestrol level)
< %s p3 X5
Tio entegorical ( oclo economic,
T ctaprtn (6 me, .
g ol gl [ G g o
uppex” () %) gector L (2]
Middle 1 | © Sector 2 L
werr © | 1

40, Hhe predicior X = (1, %1, -~y %5)’

2, e hae information about _h-individud
we. foow (Yi;%1) 5 i=te-s

The.logstc regrasion model. s 55 ot
YINBQV(ui)) W= _"o3 e rﬂ [‘}
I

Trese R4
5

o, Hepmt By1 15 galy)= T (1=

bo, the Joint PME §(Yi,.., Yn) = J"TT[.Y’ R

4o, Iog.@»(yx,m,‘/n) Z[‘j, Ioa.l = tleg (1~ 'E;)J

- 2l (=4 8)-va(14e5%)]

&3

o Inferpretation of the parumeters
is the odd rtio  petween wo cses m%
exept the 1“‘ predictor 5 kefrt{-‘xecﬂ and@hhe Tk predictor

PR T T
Suppose. 3, s such that eﬂt 1.0309

thts means that the odds For having. the disease Will go up
by 3.09% for each year o yewr of age &

Guppose
ofs= 4-_32,l (;p ‘“‘*”'“‘M',’F‘fim' s 5 ——n';)

Then e, odds of having. fhe disessenbe abecomes. appiox. five time.
Hhe odds in sector 1.,

o Trference about fhe parameters
The Wtforence wthis case is for large sample size

The MLE 3 imately follows normal distribution with mesn/3
- and covariance —H(A) Wheres %g
H‘. = aaloa-].(é) # ﬁ gwen , ymM cow?moeo
¢ ‘_———‘aﬂiﬁj - L WX 9
This will allow s fo obtwin confidence jutervols and Gimubtaneous CT
o drfferent components of (3
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e
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N
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N

g}
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R
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fl
|
&:
s
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b
0
o
=4
>
{309
3
(S
a&
-x

P
o ~ y’l A ) Z/\l ( ) > - @
?‘! 1|x
%&ﬂﬁﬁﬂ@ﬁ%ﬁﬁ o
all xi=(8% /® W
:. i

____—-——

X+ XXt
MAX»——————“N ' s —)“x‘ +}\r—"""x;+ e

I ¢ xi+ +xf
=X = R Gkt RpRpy Whare
; K+-tdp=1
s chows thet Y= Ui X and var(¥)= )\.
angmml
o 24

_,_._M_/—M YZ sz Gt CnV(Yz:Vr)

= zu < elgen vectn !
A S

s
=¢mw
oIl 28 =)\|4;%|=O
oy om
; / so, gahi=0
r (4%) = 4124,
Now, We need to maimizes 8274, Subject to the constraint-
4 U, =0
e gg"’cmmuu) 6
4.= {!I(az U :
<
I aly,=0,then d,= E(,Q,;
e ?
A[59, &,_Z,Q; = {\'A‘(az ~t Z}_)ﬁ (Qi'gf)z
1=
am&z(«%++»%“
Qt,- %L (,..a ~r +(.¢" NP)"
[ o euspanvertY’
1[4 7
e q,=Y, setisties
mew Gz _ o\ '
Lo “gige L digo od BES o,

Q,M,’-O QLQL

-"1445/ Y:.":%{),s, - Md Vdr(y;,): )\2’-

f
ezawedﬂ glen Ve
g 4



=i
Following. simlar avgumert, ¥, = Ui X , T=l--P

Var ()= Ai
ng(v:) ==N=

)=t PA) 1
=ty (A“’)’

.Pnporﬂm 0F ot expldm’ by ith principal compoment. (PC)
(#v s called portim of vertance explained
)\.+ +/\p by i pe )

o sl chsse B BE 1 e comespmdingexplated

VMM&M is close 1o 1. .
PG e . P

TP X has mean M, coveriance 57 , then the (opuiation) PCs ave

Yi= Ui (X-4),..., Yp=Up (X-H4),
whoe 4, .., %P M%MO‘FZ

WWMM
5uppo;e>< has mw\.u anverionce 73

cov(2:, %)
= gy [Fa=Ft_ XJJ‘I
9 &6 “D:J
E(2)=2 ,
av(Z)=pP = ép" s f':” et V=Ding (Z)
2y \\\ l L {"\\ 5
Pﬂ == 8 O &Sy
te\~! gy~
= (VL)

The, PCs of Z are. iyes Tp 4 VIO
Zl—“«z Where ulv ;‘Mmdw D'FF

~ o~

= G (VA (54)




Math B0 - 4i24(18, Tue.

~ principsl Components
D st time population PC o stundardrzed covorlance
casel: whea 3T is disgonel, 37=

Hore, 4he elgomvalues o T3 0r0 &, Spp, We oveey” them
in decressing-ovdex S 2 Z 60) -

55 ()ﬁ) + Firyt_principsl componest "-(Xa) —ﬂm)

o \6""

o §pecial covariance madtrixes
[&v O ]

.

e 1 pC i3 (X0) ~Mon)
g 2}:[‘;\;’ and X has mawn }f ond CVZS

fhen pcL = X =My
Pz = Xi-Mi

3= Xa~Ma velues 8%

Pc A miﬁ:hwb

e
Corvesnding. Cofrelation matriv = T




@sex : Al palrwise covrelations of the components are
equal o P

Suppose  Var (X3)= &3

Then wv(xi,xJ-z:{Hom J&; iF i%5

Sii it i=J
50, N o cowelotion .
S Pl - - P AR

i\
|

p.‘ICR &y = T8 JPP

o) § oy Pp- -P
cowespording- comelotion matx = | 1 =
et f17F
pr-—--1

4: [1~1 ,
...———‘i i [:_-., :] =4, 1n i NXI vector of all 4
£

n
4,
ezﬂlwue9 fF m (nvobol"‘lo)
(;»1»’-)'2,;‘”'1-,". %,@r;anet@vec—fvrp{l.

Comespending—to elgervlie 1. e/
L.FU.; W@mmdma--w 0, then
(k4= = La(lak)= (L)L, do, L4 =0

@) 0

Deft the eigenspuce of & matrix A comespomding-to elgonvalue )

5 1% Ax=) %},

? Inowr case, W 6134’;0!7974@7 GF@ covresponding to elganvalues

is Mull(i:') 4 N | A

dim (N(A) = dim ol (A) - rank. .

Tn #his wse, dim (elgonspace) = -1

fny basis oFN(4) , o in partiealor, MysefoF___z

orthogomel vectors U, ..., Up wﬂm;uw i=l
and be used s PCay- - PCn %r@ o,

[L D:] Mz&tdm—h-wl el
xr—r—r—o.--»ﬂ -

:L."'_)-— ,0,0,-+10 ‘f:i

N (1-)Emes for 1=
= {

= 1“, gzn"')%" oxe MM’F;}‘;‘




Tin the example, the conelation matrix was

.-.P ;
6L, | = LR,

PP
I Ay., Ap ave Hhe elgonvalues of Apep whh comvesponding

gigenvectrs Uy, ..., Up, thn what are Hhe elgenvalues and
elgenvectns of aTp +hh ¢

A4, ObXs, ..., OtbAp are Hie elgonvalues with
elgen vectors %v.---/%f.
Au; = Aili
pAu; = bAi Y; :

GU:+ bAU = Al b Xi Y = (&tbAT) Yr
(aL+bA)Y%i
%o, Fhe eigen values of P1,1/+ (1-2)]p are
ept (1=8), V=@ =€ -, 1-¢.
I

I+ (PP

==1)

' 1 ] | [
PG = <r’-(;_‘); TR (U [COL ’U""'O)(Z*E)
~Fy7=1y - P .

proportion of variance explaned by the first- component .
fotel Vaylae  qum of elgenvalnes
M

%, the proportim = 14 (p-1)P = P+ 1-p
P p

P g and /o p 15 wge, then this propotion s
qute (arge .
™ p=08 ,P=Y%, thn the propertion is 0.64 .

%, # 1 enowgh fo conslder—the fwst component

o Sample PC. ( Principe| Components)
Guppose. X, -y Yon 000 11 71 Gample Fiom o population ¢
Wesn M and @vonmoe,zw. D

n
LS (%0 k-%)

Obtadn sanple mean X and sample cov'S= 37 2,
hon optein elgenicluy Nz = ZXp £ S uhih conespmding—
elgonvectors 8, ., Gy
hon e T omple Pe 5 € (£-%)

T S is the sample covarlahoe mactrix , Hhen o any constats
vector & , Whet B fhe somple varisnce o &%, -, X%Xn §

mns /S
For fwo constont vectors &, b , domple cov betueen &' X b'X

s WSk

R

Bl o ——



feeping. these in mind, +he sample PC maximizes sample varlance
subject fo incovvelsted components
%0, e want o Find sy combinations €,, ., 8 4.
B ¥; =& (X=F), thn Hhe compononts y= (Vi
Yo
have zevo sample covarlance and max somple varlance .

Number of PC
Lok, at the  scree plot (1,5%) ond look ‘elbow’.

o elba

i
“ hovd o camcludses dud Dol 7

; “
9 un_considtr st 3PG.

Heip PG 5/1/18, Tue

Final exam is simla with Exam 1. th( 4 poge sheets, ;
(5/2>) caleunlotor
ninple PC

T Koy ey B Ve iid pxl random vectors fem a population

With mean ) and over 2T .
Obtsin swmple mean X and wp&e covariance matrix S.
i= == P'FW‘H‘eM&h’T)(S

Obtsin eigenvalues , elgenvectors (K5, ei) i:
Xz -=Ne l
y.

-fhenfheﬁmpfePCmgwy 4

/(5 %)  1mtip Lzt |
D\Eﬁyetﬁ?ﬂm :
Totsl sample variance = W(S) |

= gl)\«
oL f: Gample. vorlance of & (%K)
f
——%l

The PC cowespowdmg--fv smell Xi awe dropped ,

E—Htw use chee plot or o Hhumb rule opplied o standardized
semple PC .

no al
e\M 0 howd o conelude
aud Prd T

i
3 then congdu Pt PG5
UL

—
AT

|













Misclassi
M P"Db"‘b”Hy . Cost mwolved M Misclassification
P(211) = P (observation fiom T, is clossified 1o ) T “Actusl

= P (observation classted 1o T | # came From 1) - T : cam B Ay
B ot Misclassification
=j F(x)de | dossifiotins Misclassification
4 cey O EM=E(on)
P(112) = o= | =RPEI) cE)
| by % | +h P(112)€(112),
In many cases, we have knowledge about the probakiliy |
that X comes Fom Ty or T { =P 5hf.<:s)d’sc(zu)*rhjm%(%)dz cz)
Let p, be the prior pob. of Ti e, P(XE€Ti)=P; ‘ Assume) Hat we know Propa,clita), cain), Ri(x),fulx).
% Bt - Gosl : find R R2 4 thet ECM B minimized .
~ohe criteria -to mmimize , S P 4 SR 'Fa )% 2o ‘
TMP = Total misclagsification prob. Ra 2 “
= P(% is misclasstied) %, ECM = p, ( |- fe Rim)dx ) I+ (RI%%M& c(il2) ‘
= PCIDp+ POI2)P - jm[&c(\IZ)ﬂ(z)"P.C(:l')-F.GE)Jal>s+Pi0(zn) _ i
= x ) i
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